AP Calculus BC

Must-Know
Algebra Trig ldentities
Slope: m = Y, — VY, sin(2x) = 2sin X cos X
X; =% cos(2x) = cos® x —sin® x
Point-slope form: y—Yy, =m(X—X,) c0s(2x) = 2c0s? X —1

Standard Form: AX+By=C cos(2x) =1-2sin? x

1-cos2x

Distance Formula: d = \/(X2 — X1)2 +(y,— yl)2 sin? x =

2 1+ cos2x
COS“ X :T

sin® x+cos? x =1

1 2 — 2
Trig Values Flan” x=sect x
1+ cot? x = csc? X
0 sin@ cos® tan & 1
0 0 1 0 SECX = Cosx
I R /S R R
sin x
% \/54 \/EA 1 sin(—x) = —sin(x)
cos(—x) = cos(x)
7 N NE
A 4 % tan(—x) = —tan(x)
1 0 0 ) =—
% cot(—x) = —cot(X)
sec(—X) =sec(x)

csc(—x) = —csc(X)
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d
dx

X
X
X

dx

()" =nx""*
i(sin X) = COS X
d

d—(cos X)=-sinx

d tan x) = sec? x
d

Differential Calculus Formulas and Rules

d
—(uv)=uv'+wu’ d 1
dx — (arcsin x) =
i(g _w-w dx V1-x°
dx\v v? i(arccosx)= 1
d , o X 1-x°
—(fF@(N)=1"(9(x))g'(x) 4 1
dx
— (arctan x) = ——;
d dx 1+x
(&)=¢ d _
o &(arccotx)=1+ =
(cotx) =—csc? x i(ax)zaX Ina
dx d
&(arcsecx)z—21
— (secx) =secxtan x i(Inx):E VX =
dx dx X d ( ) 1
—(arccscx) = ———
d—(cscx):—cscxcotx i(Iogb )—ﬁ dx |X|Vx* -1
X

X

Applications of the first and second derivative

Curve Sketching

To find a critical value, set f'(x) =0 or undefined

Use a sign chart to determine if the function has a relative extrema. Make sure
you write sentences summarizing the results.

Use can also use the Second Derivative Test to verify extrema. Suppose that X,
is a critical value. If f"(x,)<0, then Xx,is the x-coordinate of the relative
maximum. If f"(x,)>0, then x,is the x-coordinate of the relative minimum.

To find points of inflection, set f"(x) =0 or undefined. Then, show that the sign
of f"(x) changes as x passes through that point.

AP Calculus Summer Institute — Larry Peterson




Three Important Theorems

Intermediate Value Theorem

If a function, f(x) is continuous on a closed interval [a, b] and y is some
value between f(a) and f(b), then there exists at least one value x=c
in the open interval (a, b) where f(c)=y.

In other words, a continuous function must pass through every y-value
between f(a) and f(b),.

Mean Value Theorem

If a function, f(x) is continuous on a closed interval [a, b] AND is
differentiable on an open interval (a, b), then there exists at least one

value x=c inthe open interval (a, b) where f'(c):w.

In other words, there is at least one point on a smooth curve where the
tangent line can be drawn so that it is parallel to the secant line drawn
through the endpoints of the interval.

Rolle’s Theorem

If a function, f(x) is continuous on a closed interval [a, b] AND is
differentiable on an open interval (a, b) AND f(a) = f (b), , then there
exists at least one value x=c in the open interval (a, b) where f’(c)=0.

In other words, if the endpoints of a differentiable function have the same
y-coordinates, there is at least one point inside the interval where the
slope of the tangent line is equal to zero. This is a special case of the
Mean Value Theorem.
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n+l

+Cc,n=-1

) X
IX dX_n+1

Jé dx=Inx+c
Iex dx=e"+c

X

+C

a
Iax dx =
Ina

Isinx dx=-cosx+cC

Icos dx=sinx+c

Integral Formulas

J
J

J

J

J
J

'[tanx dx =—In|cos x| +c

J'cot dx =Injsinx|+c

jsecx dx = In|sec x+tan x|+ ¢
jcscx dx =—In|csc x+cot x| +c
_[seczx dx =tan x+c¢

J.csczx dx=—cotx+c

jsecxtan X dX=secx+c

1
Xy x2—1

CSCXCOt X dX=—CSCX+C

1
1-x2

dx =arcsin x+c¢

% dx =arctan x+¢
+X

dx=arcsecx+c

Inx dx=xInx—x+c¢

udv=uv—_[v du+c

(Integration by parts)

Fundamental Theorem of
Calculus = Part 1

Fundamental Theorem of Calculus —
Part 2

Average Value Theorem

[[ /0 dx= (o) ()

(;jx(j () dt): £(x)

If a function f(X) is continuous on
the closed interval [a, b], then there
exists some number X, =C such that

f(c)=bT1{J:f(x) dx

Volume of a Solid of
Revolution (disk method)

v =z[((OR)~(IR)") dx or

Volume of a Solid with a Known
Cross-Section

dy V= j: Area(x) dx

Application Formulas

velocity =%(position)

acceleration = % (velocity)

displacement = J':Z v(t) dt

total dis tan ce = j:z v(t)| dt

Avg velocity = PoSttion; — position,

time, —time,

Arc Length = '[:./1+( f ’(x))2 dx

speed = |velocity|

(&)

dx

oy [y
dt

dt

dt dy

velocity vector = :
dt dt

;

acceleration vector

<d2x d2y>

dt? ' dt?
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L’Hopital’s Rule

f(x)

it 1m0 9 or 2 e fim L) £
x—a g(x) 0 0 x—>a g(x) x-a () (X)

Euler’s Method

d
Given that d—y = f(X,y) and that the solution passes through the point (X,, Y, ), then
X

Xy = Xog TAX and Y, = Yo + F (X, y) - AX.

Parametric Functions

d
Given a function in parametric form (X(t), y(t)), then slope = d—y =
X

i)
d?y ddx

Second derivative in parametric form —5- =

dx? dx

dt
2 2
Arc length = Ltz \/(%j + (%j dt

Polar Functions

X=rcos@ and y=rsinéd.

oo

d¢9

Slope = — =
dx

1o
Area inside a polar curve = EJ:QIZ(I‘(H))2 dé where 6 and 6, are the first two times that r =0.
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Series Stuff

Taylor Series generated by f(x) at x = 0. (Maclaurin Series)

Let f be a function that has derivatives of all order on some open interval containing x =
0. Then the Taylor series generated by f at x = 0 is given by

" m f(n) © x)
(0= O+ Oxr Qe JO o O 0 IO
2! 3! n! —~ k!

0 £ (0
The partial sum P,(x) = Zf ©0)

k=0

is the Taylor polynomial of order n for f at x = 0.

Taylor Series generated by f(x) at x =a
Let f be a function that has derivatives of all order on some open interval containing

X = a. Then the Taylor series generated by f at x = a is given by

f I!l(a)
3!

, f"(a) 2 ; ™ (a) .
f(x)="f@)+f (a)x+T(x—a) - (x—a) +...+T(x—a) +...
5 f(k).(a)

k=0

. £6)(a)
The partial sum P,(x) = Z " (x—a)‘

k=0

is the Taylor polynomial of order nforfatx =a
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Common Maclaurin Series

%=1+x+x2+x3+x“+...+x”+...=2x” (-1<x<1)
—X n=0
=1+ =X A (X)L =D (D)X (—1<x <))
1+x n=0
X2 X3 Xn 0 Xn
IN@L+X) =X—"— 4+ + ()" —+..=D ()" = (-1<x<1)
2 3 n = n
X3 X5 N (X)2n+1 0 0 (X)2n+1
arctanXx=X—-—+—+...+(-1) —+..=) (-1) —— (-1<x<1
3 5 ( ) 2n+1 nzz;‘( ) 2n+1 ( )
X2 X3 Xn 0 Xn
e =1+ X+ —++.+—+.=» — (allrealx)
21 3l ni S
3 5 2n+1 0 2n+1
SIN X = X =t b (1) = D (<) (all real X)
31 5l @n+D)! &N (2n+))!
2 4 2n 0 2n
cosx=1-2 + X 4 2 +o.= ) (D) X (all real x)
21 41 (2n)! ;s (2n)!

Error Bound
Alternating Series Error Bound

When a series is alternating, the error is maximized in the next unused term
evaluated at the difference between the center of the interval of convergence and the x-
coordinate being evaluated.

Lagrange Error Bound

When the Taylor series doesn’t alternate, we still find the error by using the
Lagrange error bound. The error is still tied to the next unused term according to
f"(2) 1
——=(x-a)"
(n+1)!
derivative takes on the given interval and x is the value of the polynomial function
centered at a.

Error < where ™ (z) is the maximum value that the corresponding
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